
INTRODUCTION 

The extrusion technology has been more 
and more involved in the production of solid, 
semi-solid and hollow profiles due to its abil-
ity to achieve a good precision and quality, as 
well as homogenous properties throughout the 
product [1]. Extrusion is the most often used for 
the production of pipes, rods, profile shapes and 
machine elements made of, e.g. steel, as well as 
non-ferrous metals and their alloys. The main 
advantages of the extrusion are the possibility 
to obtain products of different shapes, which are 
characterized by the good mechanical properties 
and favorable structure as well as the occurrence 
of triaxial non-uniform compression stresses 
which determines the forming of materials with 
a low plasticity [2]. Additionally, the extrusion 
process allows obtaining high strain degrees 
in only single forming operation. On the other 

hand, in order to form hard deformable met-
als, the conventional extrusion process requires 
high extrusion forces and high temperatures. 
Unfortunately, the application of hot extrusion 
metal forming does not guarantee the preferable 
properties of final products. Therefore, there is a 
need to apply low cost extrusion methods which 
enable to decrease the forming forces, as well 
as to obtain the products with a favorable struc-
ture determining expected final properties. The 
KOBO extrusion is an unconventional elastic-
plastic deformation process counted among Se-
vere Plastic Deformation (SPD) methods which 
uses the phenomenon of changing a path of plas-
tic deformation by introducing die cyclic oscil-
lations by a given angle (approximately 5-7o) 
and with a given frequency (usually several 
Hertz) [3]. The application of the cyclic bilateral 
torsion of extruded material causes that the ma-
terial evolves to the state of fluid while a solid 
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state is maintained. Additionally, cyclic oscilla-
tions of the die result in the interference in the 
structure of a material and leads to an increased 
concentration of lattice defects [4].

The high yield stress and the tension strength, 
as well as the thermal stability are the main ad-
vantages of the products obtained with the use of 
the KOBO extrusion process. The maintenance of 
a constant rate and the constant extrusion force at 
the same time causes that according to the New-
ton’s laminar flow principle (Eq. 1), a viscosity 
coefficient has a constant value which also deter-
mines the qualitative and quantitative invariabil-
ity of the process course and determines the same 
properties of products on the length [5]. The Eq. 1 
also confirms the linear relationship between the 
stress and the strain rate during the KOBO ex-
trusion process. The application of SPD methods, 
including the KOBO process, leads to the hard-
ening of material in the wake of the dislocation 
hardening [6].
 

1 
 

𝜎𝜎 = 𝜂𝜂 · 𝜀𝜀̇    (1) 
𝐷𝐷𝐷𝐷
𝐷𝐷𝐷𝐷 = 𝜕𝜕𝐷𝐷

𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝛷𝛷)   (2) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝜌𝜌) + 𝜌𝜌∇ ∙ 𝑣𝑣 = 0  (3) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇ · v) = 1

𝜕𝜕 (∇ ∙ 𝝈𝝈) + 𝒃𝒃  (4) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝑒𝑒) = 𝝈𝝈:𝑫𝑫   (5) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣) = 0   (6) 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣 ⊗ 𝑣𝑣) = ∇ ∙ 𝝈𝝈 + 𝜌𝜌𝒃𝒃 (7) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝑒𝑒𝑣𝑣) = 𝝈𝝈:𝑫𝑫   (8) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝜙𝜙 = 𝑆𝑆    (9) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 = 𝑆𝑆     (10) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝛷𝛷 = 0    (11) 

𝑢𝑢 = 𝑢𝑢0 + (𝑢𝑢1 − 𝑢𝑢0)𝜉𝜉3(10 − 15 + 6𝜉𝜉2)  

for 𝑡𝑡 ∈ [𝑡𝑡0, 𝑡𝑡1] where  10 , ttt    (12) 

𝜉𝜉 = 𝐷𝐷−𝐷𝐷0
𝐷𝐷1−𝐷𝐷0

 and 𝑢𝑢0 = 0. 

𝐹𝐹𝑝𝑝 = 𝑘𝑘𝑝𝑝 ∙ 𝑑𝑑𝑝𝑝   (13) 

𝑑𝑑𝒙𝒙𝑖𝑖 = 2
3 𝑐𝑐𝑖𝑖𝑑𝑑𝜺𝜺

𝑝𝑝 − 𝛾𝛾𝑖𝑖𝒙𝒙𝑖𝑖𝑑𝑑𝑑𝑑  (14) 

𝑑𝑑𝒙𝒙 = ∑ 𝑑𝑑𝒙𝒙𝑖𝑖𝑛𝑛
𝑖𝑖=1     (15) 

𝑑𝑑𝑑𝑑(𝑑𝑑) = 𝑏𝑏(𝑄𝑄 − 𝑑𝑑)𝑑𝑑𝑑𝑑   (16) 

𝜀𝜀𝑖𝑖
𝑝𝑝 = 𝜀𝜀𝑖𝑖 −

𝜎𝜎𝑖𝑖
𝐸𝐸 − 𝜀𝜀0

𝑝𝑝   (17) 

‖𝐵𝐵‖ = √∫ (𝜎𝜎𝜕𝜕𝑒𝑒𝑝𝑝–𝜎𝜎𝑎𝑎𝑝𝑝𝑝𝑝𝑎𝑎(𝑐𝑐𝑖𝑖 , 𝛾𝛾𝑖𝑖 ,𝑏𝑏,𝑄𝑄))2𝑑𝑑𝜀𝜀𝑜𝑜
𝜀𝜀   (18) 

 

  (1)
where: σ – flow stress, 
 η – viscosity coefficient,
 ε̇               – strain rate.

Numerical modeling of metal forming pro-
cesses including the extrusion plays an important 
role in their optimization, leading to a decrease of 
forming forces and total costs. Although numeri-
cal simulations of the conventional extrusion are 
presented in the literature [7–10], there are very 
few numerical analyses considering the KOBO 
extrusion process. Most of them focus on the evo-
lution of the material structure during the process. 
The results of modeling of a texture evolution in 
the KOBO extrusion are contained in [11]. The 
model including generation, interaction and an-
nihilation of point defects in the KOBO process 
is described in [12]. 

Numerical simulations of the KOBO ex-
trusion process are presented in this paper. The 
three-dimensional coupled Eulerian-Lagrangian 
approach (the CEL method) with explicit inte-
gration was applied. The results of the numeri-
cal computations were verified experimentally. It 
was noted that proposed model ensures good con-
vergence between experimental and numerical 
results and can be used for describing the mate-
rial response during the KOBO extrusion process. 
The influence of hardening characteristics on the 
cyclic loading phenomena in terms of the course 
of the KOBO process was also examined. 

THE COUPLED EULERIAN-LAGRANGIAN 
APPROACH 

In numerical simulations of large deforma-
tion problems, the Langrangian and Eulerian 
methods are applied to describe the movement 
of a small volumetric element as a function of 
time [13]. In the Lagrangian approach used in 
the solid mechanics, the movement of a con-
tinuum is determined as a function of materials 
coordinates and time. The nodes and elements of 
a Lagrangian mesh move together with a mate-
rial [14] (Figure 1a). In the case of large defor-
mations, remeshing is quite often necessary. The 
results of numerical simulations of the typical 
extrusion process are described in [15, 16]. 

The Eulerian method can be applied as an al-
ternative to the Lagrangian approach. In the Euler 
method, which is applied mostly in the fluid me-
chanics, the movement of a continuum is a func-
tion of spatial coordinates and time [17]. In this 
approach, an Eulerian reference mesh remains un-
distorted and is used for tracking the motion of a 
material in the Eulerian domain [18, 19]. The ma-
terial can move through the Eulerian mesh and the 
distortion of elements does not occur (Figure 1b).

It is worth noting that both mentioned meth-
ods have some disadvantages. In the Lagrangian 
approach, as the finite element mesh become dis-
torted under loading, the generation of complete-
ly new mesh is necessary, which causes conver-
gence problems and extends the computational 

Figure 1. (a) Total and Updated Lagrang-
ian methods; (b) the Eulerian method
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time [20]. In turn, in the Eulerian method, the 
material flows through the mesh without its defor-
mation and the remeshing is not needed [21–23]. 
However, the Eulerian approach has some limita-
tions e.g. material anisotropy and residual stress-
es are not considered. 

In order to improve the convergence and re-
duce the time of calculations, mixed methods e.g. 
the Arbitrary Lagrangian-Eulerian (ALE) and Cou-
pled Eulerian-Lagrangian (CEL) can be used. Due 
to the complexity of the modeling of the KOBO 
extrusion process, the CEL method was proposed 
for numerical computations. This method, which 
captures the advantages of both the Lagrangian 
and Eulerian approaches, can be used for solving 
fluid-structure interaction problems [10].

In the Eulerian analyses, equations are written 
with the use of spatial time derivatives, while ma-
terial time derivatives are applied in the Lagrang-
ian approaches in the solid and structural analy-
ses. The relationship between material and spatial 
time derivatives can be written as follows [24]:
 

1 
 

𝜎𝜎 = 𝜂𝜂 · 𝜀𝜀̇    (1) 
𝐷𝐷𝐷𝐷
𝐷𝐷𝐷𝐷 = 𝜕𝜕𝐷𝐷

𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝛷𝛷)   (2) 
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𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝜌𝜌) + 𝜌𝜌∇ ∙ 𝑣𝑣 = 0  (3) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇ · v) = 1

𝜕𝜕 (∇ ∙ 𝝈𝝈) + 𝒃𝒃  (4) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝑒𝑒) = 𝝈𝝈:𝑫𝑫   (5) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣) = 0   (6) 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣 ⊗ 𝑣𝑣) = ∇ ∙ 𝝈𝝈 + 𝜌𝜌𝒃𝒃 (7) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝑒𝑒𝑣𝑣) = 𝝈𝝈:𝑫𝑫   (8) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝜙𝜙 = 𝑆𝑆    (9) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 = 𝑆𝑆     (10) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝛷𝛷 = 0    (11) 

𝑢𝑢 = 𝑢𝑢0 + (𝑢𝑢1 − 𝑢𝑢0)𝜉𝜉3(10 − 15 + 6𝜉𝜉2)  

for 𝑡𝑡 ∈ [𝑡𝑡0, 𝑡𝑡1] where  10 , ttt    (12) 

𝜉𝜉 = 𝐷𝐷−𝐷𝐷0
𝐷𝐷1−𝐷𝐷0

 and 𝑢𝑢0 = 0. 

𝐹𝐹𝑝𝑝 = 𝑘𝑘𝑝𝑝 ∙ 𝑑𝑑𝑝𝑝   (13) 

𝑑𝑑𝒙𝒙𝑖𝑖 = 2
3 𝑐𝑐𝑖𝑖𝑑𝑑𝜺𝜺

𝑝𝑝 − 𝛾𝛾𝑖𝑖𝒙𝒙𝑖𝑖𝑑𝑑𝑑𝑑  (14) 

𝑑𝑑𝒙𝒙 = ∑ 𝑑𝑑𝒙𝒙𝑖𝑖𝑛𝑛
𝑖𝑖=1     (15) 

𝑑𝑑𝑑𝑑(𝑑𝑑) = 𝑏𝑏(𝑄𝑄 − 𝑑𝑑)𝑑𝑑𝑑𝑑   (16) 

𝜀𝜀𝑖𝑖
𝑝𝑝 = 𝜀𝜀𝑖𝑖 −

𝜎𝜎𝑖𝑖
𝐸𝐸 − 𝜀𝜀0

𝑝𝑝   (17) 

‖𝐵𝐵‖ = √∫ (𝜎𝜎𝜕𝜕𝑒𝑒𝑝𝑝–𝜎𝜎𝑎𝑎𝑝𝑝𝑝𝑝𝑎𝑎(𝑐𝑐𝑖𝑖 , 𝛾𝛾𝑖𝑖 ,𝑏𝑏,𝑄𝑄))2𝑑𝑑𝜀𝜀𝑜𝑜
𝜀𝜀   (18) 

 

  (2)

where: Φ – arbitrary solution variable,
 υ –material velocity,
 DΦ/Dt – material derivative,
 ∂Φ/∂t – spatial derivative.

The Lagrangian mass, momentum and energy 
conservation equations transferred into the Eule-
rian (spatial derivatives) conservation equations 
are (Eq. 3-5) [25]:
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𝜎𝜎 = 𝜂𝜂 · 𝜀𝜀̇    (1) 
𝐷𝐷𝐷𝐷
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where: ρ – density, 
 σ – Cauchy stress,
 b – vector of body forces,
 e – strain energy,
 D – velocity strain.

The mentioned Eulerian equations can be ar-
ranged into the conservative forms in the follow-
ing (Eq. 6-8) [24, 25]:
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for 𝑡𝑡 ∈ [𝑡𝑡0, 𝑡𝑡1] where  10 , ttt    (12) 

𝜉𝜉 = 𝐷𝐷−𝐷𝐷0
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 and 𝑢𝑢0 = 0. 

𝐹𝐹𝑝𝑝 = 𝑘𝑘𝑝𝑝 ∙ 𝑑𝑑𝑝𝑝   (13) 

𝑑𝑑𝒙𝒙𝑖𝑖 = 2
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𝑝𝑝 − 𝛾𝛾𝑖𝑖𝒙𝒙𝑖𝑖𝑑𝑑𝑑𝑑  (14) 

𝑑𝑑𝒙𝒙 = ∑ 𝑑𝑑𝒙𝒙𝑖𝑖𝑛𝑛
𝑖𝑖=1     (15) 
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𝜀𝜀𝑖𝑖
𝑝𝑝 = 𝜀𝜀𝑖𝑖 −
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𝐸𝐸 − 𝜀𝜀0
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‖𝐵𝐵‖ = √∫ (𝜎𝜎𝜕𝜕𝑒𝑒𝑝𝑝–𝜎𝜎𝑎𝑎𝑝𝑝𝑝𝑝𝑎𝑎(𝑐𝑐𝑖𝑖 , 𝛾𝛾𝑖𝑖 ,𝑏𝑏,𝑄𝑄))2𝑑𝑑𝜀𝜀𝑜𝑜
𝜀𝜀   (18) 

 

  (6)

 

1 
 

𝜎𝜎 = 𝜂𝜂 · 𝜀𝜀̇    (1) 
𝐷𝐷𝐷𝐷
𝐷𝐷𝐷𝐷 = 𝜕𝜕𝐷𝐷

𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝛷𝛷)   (2) 

𝜕𝜕𝜕𝜕
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for 𝑡𝑡 ∈ [𝑡𝑡0, 𝑡𝑡1] where  10 , ttt    (12) 
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𝑝𝑝 − 𝛾𝛾𝑖𝑖𝒙𝒙𝑖𝑖𝑑𝑑𝑑𝑑  (14) 
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𝜀𝜀𝑖𝑖
𝑝𝑝 = 𝜀𝜀𝑖𝑖 −

𝜎𝜎𝑖𝑖
𝐸𝐸 − 𝜀𝜀0

𝑝𝑝   (17) 
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The Eulerian governing equations (Eq. 6-8) 
can be described in the common general conser-
vative form (Eq. 9) [24]:

 

1 
 

𝜎𝜎 = 𝜂𝜂 · 𝜀𝜀̇    (1) 
𝐷𝐷𝐷𝐷
𝐷𝐷𝐷𝐷 = 𝜕𝜕𝐷𝐷

𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝛷𝛷)   (2) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝜌𝜌) + 𝜌𝜌∇ ∙ 𝑣𝑣 = 0  (3) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇ · v) = 1

𝜕𝜕 (∇ ∙ 𝝈𝝈) + 𝒃𝒃  (4) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝑒𝑒) = 𝝈𝝈:𝑫𝑫   (5) 

𝜕𝜕𝜕𝜕
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𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝑒𝑒𝑣𝑣) = 𝝈𝝈:𝑫𝑫   (8) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝜙𝜙 = 𝑆𝑆    (9) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 = 𝑆𝑆     (10) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝛷𝛷 = 0    (11) 

𝑢𝑢 = 𝑢𝑢0 + (𝑢𝑢1 − 𝑢𝑢0)𝜉𝜉3(10 − 15 + 6𝜉𝜉2)  

for 𝑡𝑡 ∈ [𝑡𝑡0, 𝑡𝑡1] where  10 , ttt    (12) 

𝜉𝜉 = 𝐷𝐷−𝐷𝐷0
𝐷𝐷1−𝐷𝐷0

 and 𝑢𝑢0 = 0. 

𝐹𝐹𝑝𝑝 = 𝑘𝑘𝑝𝑝 ∙ 𝑑𝑑𝑝𝑝   (13) 

𝑑𝑑𝒙𝒙𝑖𝑖 = 2
3 𝑐𝑐𝑖𝑖𝑑𝑑𝜺𝜺

𝑝𝑝 − 𝛾𝛾𝑖𝑖𝒙𝒙𝑖𝑖𝑑𝑑𝑑𝑑  (14) 

𝑑𝑑𝒙𝒙 = ∑ 𝑑𝑑𝒙𝒙𝑖𝑖𝑛𝑛
𝑖𝑖=1     (15) 

𝑑𝑑𝑑𝑑(𝑑𝑑) = 𝑏𝑏(𝑄𝑄 − 𝑑𝑑)𝑑𝑑𝑑𝑑   (16) 

𝜀𝜀𝑖𝑖
𝑝𝑝 = 𝜀𝜀𝑖𝑖 −

𝜎𝜎𝑖𝑖
𝐸𝐸 − 𝜀𝜀0

𝑝𝑝   (17) 

‖𝐵𝐵‖ = √∫ (𝜎𝜎𝜕𝜕𝑒𝑒𝑝𝑝–𝜎𝜎𝑎𝑎𝑝𝑝𝑝𝑝𝑎𝑎(𝑐𝑐𝑖𝑖 , 𝛾𝛾𝑖𝑖 ,𝑏𝑏,𝑄𝑄))2𝑑𝑑𝜀𝜀𝑜𝑜
𝜀𝜀   (18) 

 

  (9)

where: ϕ – flux function,
 S – source term.

The operator splitting divides the aforemen-
tioned equation (Eq. 9) into two equations solved 
sequentially (Eq. 10-11) [25]:
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𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇ · v) = 1

𝜕𝜕 (∇ ∙ 𝝈𝝈) + 𝒃𝒃  (4) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝑒𝑒) = 𝝈𝝈:𝑫𝑫   (5) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣) = 0   (6) 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣 ⊗ 𝑣𝑣) = ∇ ∙ 𝝈𝝈 + 𝜌𝜌𝒃𝒃 (7) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝑒𝑒𝑣𝑣) = 𝝈𝝈:𝑫𝑫   (8) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝜙𝜙 = 𝑆𝑆    (9) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 = 𝑆𝑆     (10) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝛷𝛷 = 0    (11) 

𝑢𝑢 = 𝑢𝑢0 + (𝑢𝑢1 − 𝑢𝑢0)𝜉𝜉3(10 − 15 + 6𝜉𝜉2)  

for 𝑡𝑡 ∈ [𝑡𝑡0, 𝑡𝑡1] where  10 , ttt    (12) 

𝜉𝜉 = 𝐷𝐷−𝐷𝐷0
𝐷𝐷1−𝐷𝐷0

 and 𝑢𝑢0 = 0. 

𝐹𝐹𝑝𝑝 = 𝑘𝑘𝑝𝑝 ∙ 𝑑𝑑𝑝𝑝   (13) 

𝑑𝑑𝒙𝒙𝑖𝑖 = 2
3 𝑐𝑐𝑖𝑖𝑑𝑑𝜺𝜺

𝑝𝑝 − 𝛾𝛾𝑖𝑖𝒙𝒙𝑖𝑖𝑑𝑑𝑑𝑑  (14) 

𝑑𝑑𝒙𝒙 = ∑ 𝑑𝑑𝒙𝒙𝑖𝑖𝑛𝑛
𝑖𝑖=1     (15) 

𝑑𝑑𝑑𝑑(𝑑𝑑) = 𝑏𝑏(𝑄𝑄 − 𝑑𝑑)𝑑𝑑𝑑𝑑   (16) 

𝜀𝜀𝑖𝑖
𝑝𝑝 = 𝜀𝜀𝑖𝑖 −

𝜎𝜎𝑖𝑖
𝐸𝐸 − 𝜀𝜀0

𝑝𝑝   (17) 

‖𝐵𝐵‖ = √∫ (𝜎𝜎𝜕𝜕𝑒𝑒𝑝𝑝–𝜎𝜎𝑎𝑎𝑝𝑝𝑝𝑝𝑎𝑎(𝑐𝑐𝑖𝑖 , 𝛾𝛾𝑖𝑖 ,𝑏𝑏,𝑄𝑄))2𝑑𝑑𝜀𝜀𝑜𝑜
𝜀𝜀   (18) 
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𝜎𝜎 = 𝜂𝜂 · 𝜀𝜀̇    (1) 
𝐷𝐷𝐷𝐷
𝐷𝐷𝐷𝐷 = 𝜕𝜕𝐷𝐷
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𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇ · v) = 1

𝜕𝜕 (∇ ∙ 𝝈𝝈) + 𝒃𝒃  (4) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝑒𝑒) = 𝝈𝝈:𝑫𝑫   (5) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣) = 0   (6) 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣 ⊗ 𝑣𝑣) = ∇ ∙ 𝝈𝝈 + 𝜌𝜌𝒃𝒃 (7) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝑒𝑒𝑣𝑣) = 𝝈𝝈:𝑫𝑫   (8) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝜙𝜙 = 𝑆𝑆    (9) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 = 𝑆𝑆     (10) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝛷𝛷 = 0    (11) 

𝑢𝑢 = 𝑢𝑢0 + (𝑢𝑢1 − 𝑢𝑢0)𝜉𝜉3(10 − 15 + 6𝜉𝜉2)  

for 𝑡𝑡 ∈ [𝑡𝑡0, 𝑡𝑡1] where  10 , ttt    (12) 

𝜉𝜉 = 𝐷𝐷−𝐷𝐷0
𝐷𝐷1−𝐷𝐷0

 and 𝑢𝑢0 = 0. 

𝐹𝐹𝑝𝑝 = 𝑘𝑘𝑝𝑝 ∙ 𝑑𝑑𝑝𝑝   (13) 

𝑑𝑑𝒙𝒙𝑖𝑖 = 2
3 𝑐𝑐𝑖𝑖𝑑𝑑𝜺𝜺

𝑝𝑝 − 𝛾𝛾𝑖𝑖𝒙𝒙𝑖𝑖𝑑𝑑𝑑𝑑  (14) 

𝑑𝑑𝒙𝒙 = ∑ 𝑑𝑑𝒙𝒙𝑖𝑖𝑛𝑛
𝑖𝑖=1     (15) 

𝑑𝑑𝑑𝑑(𝑑𝑑) = 𝑏𝑏(𝑄𝑄 − 𝑑𝑑)𝑑𝑑𝑑𝑑   (16) 

𝜀𝜀𝑖𝑖
𝑝𝑝 = 𝜀𝜀𝑖𝑖 −

𝜎𝜎𝑖𝑖
𝐸𝐸 − 𝜀𝜀0

𝑝𝑝   (17) 

‖𝐵𝐵‖ = √∫ (𝜎𝜎𝜕𝜕𝑒𝑒𝑝𝑝–𝜎𝜎𝑎𝑎𝑝𝑝𝑝𝑝𝑎𝑎(𝑐𝑐𝑖𝑖 , 𝛾𝛾𝑖𝑖 ,𝑏𝑏,𝑄𝑄))2𝑑𝑑𝜀𝜀𝑜𝑜
𝜀𝜀   (18) 

 

  (11)

Eq. 10, which represents the Lagrangian step, 
contains the source term and the Eq. 11, describing 
the Eulerian step, includes the convective term. 

The graphical interpretation of the split op-
erator is shown in Figure 2. In order to solve Eq. 
(11), the deformed (Lagrangian) mesh is moved 
to the original (Eulerian) fixed mesh and the vol-
ume of material transported between adjacent 
elements is computed. The Lagrangian solution 
variables, such as the mass, energy, momentum, 
stress and others are then adjusted to account for 
the flow of the material between adjacent ele-
ments by the transport algorithms [25]. 

The main advantage of the CEL method is that 
the approach does not demand the remeshing. A 
unique feature of the CEL method is that a single 
volume can be filled simultaneously with many 
materials which allows simulating the extrusion 
of composite and porous materials. Additionally, 

Figure 2. The graphical interpretation of a split operator in the CEL method
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this approach ensures better interpretation of con-
tact conditions than the Eulerian method. More-
over, the classical FEM methods based on the 
Lagrangian approach often cause the contact 
problems entailed by the distortion of the mesh 
[20]. On the other hand, the very small stable time 
increment in the explicit integration procedure of 
approximately 10-6–10-7 s is the main disadvan-
tage of this method.

THE EXPERIMENTAL PROCEDURE

The experimental test of the KOBO extrusion 
process was carried out using the HYDROMET 
hydraulic press with the maximum load of 2.5 
MN (Figure 3). The investigation was conducted 
on M1E copper. The properties of extruded mate-
rial are presented in Table 1. The prepared billets 
had the diameter of 60 mm, corresponding to the 
press container dimensions.

The parameters of the KOBO extrusion pro-
cess were as follows: 0.1 mm/s ram displacement, 
6 Hz oscillation frequency and ±6° swing angle 
from starting position. The press was cooled with 
water at room temperature on the exit of the press. 

The macrostructure of butts obtained was ex-
amined. During the KOBO extrusion process, the 
maximum force was also registered. Two types of 
dies (Figure 4) are used in order to investigate the 
influence of the die notches shapes on the punch 

force. These preliminary investigations are con-
sidered later on in the numerical simulations by 
including different contact formulations between 
the die and extruded material.

THE FEM MODEL OF THE KOBO 
EXTRUSION PROCESS

The coupled Eulerian-Lagrangian method is 
very useful in numerical simulations of materials 
forming and processing with very large deforma-
tions. The assembly of the 3-D FEM model used 
in the KOBO extrusion analysis is shown in Fig-
ure 5. The main data of the model are contained in 
Table 2. The die and the recipient are modeled as 
rigid bodies and the extruded material is consid-
ered as the elastic-plastic deformable body. The 
Eulerian part covers both the initial and the final 
position of the extruded material.

The simplified (flat) shape of the die was as-
sumed. In order to distinguish two types of dies 
used in experiment (Figure 4), two contact for-
mulations were considered. The first one allows 
material sliding on the die. In the second ap-
proach, the rough contact is assumed, which pre-
vents from sliding between the die and extruded 
material. The change of the punch force can be 
observed for both contact formulations.

In the CEL method, the Eulerian material is 
tracked as it flows through the mesh by comput-
ing so-called Eulerian Volume Fraction (EVF). 
Each Eulerian element is designated as a percent-
age which shows the portion of that element filled 
with the material. If an Eulerian element is com-
pletely filled with the material EVF = 1, other-
wise, EVF = 0 (it can be interpreted that material 
is filled with “void” material) [26].

Table 1. Properties of M1E copper used in a research
Parameter Value

Young modulus [MPa] 130000

Density [kg/m3] 8900

Hardness [HB] 50

Poisson’s ratio 0.33

Figure 3. The KOBO hydraulic press used in a research
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The CEL problems are solved as an dynamic 
explicit analysis. The central difference rule is 
used for the solution of the non-linear system of 
differential equations [27]. The unknown solu-
tion is found directly from the results from the 
previous step. For each time increment, the La-
grangian phase is calculated first. Next, in the 
Eulerian phase, the movement and the position 
of the Eulerian material are determined. 

The explicit procedure is conditionally sta-
ble and the stable time increment is very small 
i.e. 10-5–10-7 s. The solution of the problem usu-
ally requires hundreds of thousands time incre-
ments. In practice, the problem cannot be solved 
in real process time. 

Some features in the ABAQUS program al-
low for the acceleration of computations: the 
mass scaling, short-time load application in the 
smooth step. 

In numerical simulations, the time of real ex-
trusion has been shortened by about one order. 
In order to avoid very large inertia forces caused 
by the sudden punch movement, the punch dis-
placement from the time  to  was described by 
(Eq. 12) [24]:

 

1 
 

𝜎𝜎 = 𝜂𝜂 · 𝜀𝜀̇    (1) 
𝐷𝐷𝐷𝐷
𝐷𝐷𝐷𝐷 = 𝜕𝜕𝐷𝐷

𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝛷𝛷)   (2) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝜌𝜌) + 𝜌𝜌∇ ∙ 𝑣𝑣 = 0  (3) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇ · v) = 1

𝜕𝜕 (∇ ∙ 𝝈𝝈) + 𝒃𝒃  (4) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝑒𝑒) = 𝝈𝝈:𝑫𝑫   (5) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣) = 0   (6) 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣 ⊗ 𝑣𝑣) = ∇ ∙ 𝝈𝝈 + 𝜌𝜌𝒃𝒃 (7) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝑒𝑒𝑣𝑣) = 𝝈𝝈:𝑫𝑫   (8) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝜙𝜙 = 𝑆𝑆    (9) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 = 𝑆𝑆     (10) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝛷𝛷 = 0    (11) 

𝑢𝑢 = 𝑢𝑢0 + (𝑢𝑢1 − 𝑢𝑢0)𝜉𝜉3(10 − 15 + 6𝜉𝜉2)  

for 𝑡𝑡 ∈ [𝑡𝑡0, 𝑡𝑡1] where  10 , ttt    (12) 

𝜉𝜉 = 𝐷𝐷−𝐷𝐷0
𝐷𝐷1−𝐷𝐷0

 and 𝑢𝑢0 = 0. 

𝐹𝐹𝑝𝑝 = 𝑘𝑘𝑝𝑝 ∙ 𝑑𝑑𝑝𝑝   (13) 

𝑑𝑑𝒙𝒙𝑖𝑖 = 2
3 𝑐𝑐𝑖𝑖𝑑𝑑𝜺𝜺

𝑝𝑝 − 𝛾𝛾𝑖𝑖𝒙𝒙𝑖𝑖𝑑𝑑𝑑𝑑  (14) 

𝑑𝑑𝒙𝒙 = ∑ 𝑑𝑑𝒙𝒙𝑖𝑖𝑛𝑛
𝑖𝑖=1     (15) 

𝑑𝑑𝑑𝑑(𝑑𝑑) = 𝑏𝑏(𝑄𝑄 − 𝑑𝑑)𝑑𝑑𝑑𝑑   (16) 

𝜀𝜀𝑖𝑖
𝑝𝑝 = 𝜀𝜀𝑖𝑖 −

𝜎𝜎𝑖𝑖
𝐸𝐸 − 𝜀𝜀0

𝑝𝑝   (17) 

‖𝐵𝐵‖ = √∫ (𝜎𝜎𝜕𝜕𝑒𝑒𝑝𝑝–𝜎𝜎𝑎𝑎𝑝𝑝𝑝𝑝𝑎𝑎(𝑐𝑐𝑖𝑖 , 𝛾𝛾𝑖𝑖 ,𝑏𝑏,𝑄𝑄))2𝑑𝑑𝜀𝜀𝑜𝑜
𝜀𝜀   (18) 

 

   (12)

where: u0 – initial punch position,
 u1 – final punch drive.

For numerical simulations, 

1 
 

𝜎𝜎 = 𝜂𝜂 · 𝜀𝜀̇    (1) 
𝐷𝐷𝐷𝐷
𝐷𝐷𝐷𝐷 = 𝜕𝜕𝐷𝐷

𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝛷𝛷)   (2) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝜌𝜌) + 𝜌𝜌∇ ∙ 𝑣𝑣 = 0  (3) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇ · v) = 1

𝜕𝜕 (∇ ∙ 𝝈𝝈) + 𝒃𝒃  (4) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝑒𝑒) = 𝝈𝝈:𝑫𝑫   (5) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣) = 0   (6) 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣 ⊗ 𝑣𝑣) = ∇ ∙ 𝝈𝝈 + 𝜌𝜌𝒃𝒃 (7) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝑒𝑒𝑣𝑣) = 𝝈𝝈:𝑫𝑫   (8) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝜙𝜙 = 𝑆𝑆    (9) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 = 𝑆𝑆     (10) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝛷𝛷 = 0    (11) 

𝑢𝑢 = 𝑢𝑢0 + (𝑢𝑢1 − 𝑢𝑢0)𝜉𝜉3(10 − 15 + 6𝜉𝜉2)  

for 𝑡𝑡 ∈ [𝑡𝑡0, 𝑡𝑡1] where  10 , ttt    (12) 

𝜉𝜉 = 𝐷𝐷−𝐷𝐷0
𝐷𝐷1−𝐷𝐷0

 and 𝑢𝑢0 = 0. 

𝐹𝐹𝑝𝑝 = 𝑘𝑘𝑝𝑝 ∙ 𝑑𝑑𝑝𝑝   (13) 

𝑑𝑑𝒙𝒙𝑖𝑖 = 2
3 𝑐𝑐𝑖𝑖𝑑𝑑𝜺𝜺

𝑝𝑝 − 𝛾𝛾𝑖𝑖𝒙𝒙𝑖𝑖𝑑𝑑𝑑𝑑  (14) 

𝑑𝑑𝒙𝒙 = ∑ 𝑑𝑑𝒙𝒙𝑖𝑖𝑛𝑛
𝑖𝑖=1     (15) 

𝑑𝑑𝑑𝑑(𝑑𝑑) = 𝑏𝑏(𝑄𝑄 − 𝑑𝑑)𝑑𝑑𝑑𝑑   (16) 

𝜀𝜀𝑖𝑖
𝑝𝑝 = 𝜀𝜀𝑖𝑖 −

𝜎𝜎𝑖𝑖
𝐸𝐸 − 𝜀𝜀0

𝑝𝑝   (17) 

‖𝐵𝐵‖ = √∫ (𝜎𝜎𝜕𝜕𝑒𝑒𝑝𝑝–𝜎𝜎𝑎𝑎𝑝𝑝𝑝𝑝𝑎𝑎(𝑐𝑐𝑖𝑖 , 𝛾𝛾𝑖𝑖 ,𝑏𝑏,𝑄𝑄))2𝑑𝑑𝜀𝜀𝑜𝑜
𝜀𝜀   (18) 

 

The smooth punch movement used in this 
analysis from  to  is presented in Figure 6.

The contact between the Eulerian and La-
grangian materials is enforced with the use of 
a general contact based on the penalty method 
which is less stringent than other procedures and 
allows a small penetration of the Eulerian mate-
rial into the Lagrangian one. Seeds are generated 
on the Lagrangian element and anchor points 
are created on the Eulerian material surface. The 

Figure 4. Different shapes of dies used in experimental investigations

Figure 5. The FEM model of the 
KOBO extrusion process

Table 2. Details of the FEM model
Feature Description

Numerical model 3-D

Material model elastic-plastic

Integration 
procedure dynamic explicit

Friction formulation Coulomb friction

Friction coefficient 0.2

Tool type rigid bodies

Steps two steps

Step time 0.2 s

Number of 
elements

73943 elements (4300 linear hexa-
hedral C3D8R, 843 linear hexahedral 
C3D8 and 68800 linear hexahedral 
EC3D8R)

Number of nodes 81342

Stable time 
increment 1·10-7-1·10-9 s

Computation time 12 hours
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contact force between the seeds and anchor points 
is proportional to the penetration distance (Eq. 
13) [17, 28]:
 

1 
 

𝜎𝜎 = 𝜂𝜂 · 𝜀𝜀̇    (1) 
𝐷𝐷𝐷𝐷
𝐷𝐷𝐷𝐷 = 𝜕𝜕𝐷𝐷

𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝛷𝛷)   (2) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝜌𝜌) + 𝜌𝜌∇ ∙ 𝑣𝑣 = 0  (3) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇ · v) = 1

𝜕𝜕 (∇ ∙ 𝝈𝝈) + 𝒃𝒃  (4) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝑒𝑒) = 𝝈𝝈:𝑫𝑫   (5) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣) = 0   (6) 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣 ⊗ 𝑣𝑣) = ∇ ∙ 𝝈𝝈 + 𝜌𝜌𝒃𝒃 (7) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝑒𝑒𝑣𝑣) = 𝝈𝝈:𝑫𝑫   (8) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝜙𝜙 = 𝑆𝑆    (9) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 = 𝑆𝑆     (10) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝛷𝛷 = 0    (11) 

𝑢𝑢 = 𝑢𝑢0 + (𝑢𝑢1 − 𝑢𝑢0)𝜉𝜉3(10 − 15 + 6𝜉𝜉2)  

for 𝑡𝑡 ∈ [𝑡𝑡0, 𝑡𝑡1] where  10 , ttt    (12) 

𝜉𝜉 = 𝐷𝐷−𝐷𝐷0
𝐷𝐷1−𝐷𝐷0

 and 𝑢𝑢0 = 0. 

𝐹𝐹𝑝𝑝 = 𝑘𝑘𝑝𝑝 ∙ 𝑑𝑑𝑝𝑝   (13) 

𝑑𝑑𝒙𝒙𝑖𝑖 = 2
3 𝑐𝑐𝑖𝑖𝑑𝑑𝜺𝜺

𝑝𝑝 − 𝛾𝛾𝑖𝑖𝒙𝒙𝑖𝑖𝑑𝑑𝑑𝑑  (14) 

𝑑𝑑𝒙𝒙 = ∑ 𝑑𝑑𝒙𝒙𝑖𝑖𝑛𝑛
𝑖𝑖=1     (15) 

𝑑𝑑𝑑𝑑(𝑑𝑑) = 𝑏𝑏(𝑄𝑄 − 𝑑𝑑)𝑑𝑑𝑑𝑑   (16) 

𝜀𝜀𝑖𝑖
𝑝𝑝 = 𝜀𝜀𝑖𝑖 −

𝜎𝜎𝑖𝑖
𝐸𝐸 − 𝜀𝜀0

𝑝𝑝   (17) 

‖𝐵𝐵‖ = √∫ (𝜎𝜎𝜕𝜕𝑒𝑒𝑝𝑝–𝜎𝜎𝑎𝑎𝑝𝑝𝑝𝑝𝑎𝑎(𝑐𝑐𝑖𝑖 , 𝛾𝛾𝑖𝑖 ,𝑏𝑏,𝑄𝑄))2𝑑𝑑𝜀𝜀𝑜𝑜
𝜀𝜀   (18) 

 

  (13)
where: Fp – contact force,
 dp – penetration distance,
  kp – penalty stiffness depending on the La-

grangian and Eulerian material properties.

RESULTS AND DISCUSSION

In the numerical simulations of the KOBO ex-
trusion process, the stress and strain distributions 
in the ingot, as well as the relationship between 
the punch force and the punch displacement, are 
found. An exemplary distribution of the effective 
plastic strain is shown in Figure 7a and 7b. The 
shape of the plastic zones confirms the results of 
experiments – see Figure. 8. One can also see that 
the plastic strain zone has a characteristic shape, 
which was confirmed in the research carried out 
by Bochniak et al. [5] (Figure 9). 

Plots of the punch force vs. punch displace-
ments obtained for two different die-processed 
material contact formulations considering the 

sliding on the die (KOBO-slip) and preventing 
sliding (KOBO-no slip) are presented in Figure 
10. The scattered results from the explicit proce-
dure are smoothed with the use of spline filter. 
In the case of KOBO-no slip analysis, the rough 
contact between die and material is assumed.

As seen in Figure 10, the extrusion force 
in the KOBO process increases until it reaches 
the maximum when the plastic flow starts. The 
growth of the force is a result of the upsetting 
of a charge. However, in contrast to the conven-
tional extrusion, the whole charge is not upset and 
therefore, the friction area and the friction force 
do not change significantly [5]. Afterwards, the 
extrusion force decreases due to the shortened 
contact area between the charge and the container. 
Although the force distributions are similar both 
in conventional and KOBO extrusion processes, 
they are on a different level. According to [3], the 
KOBO process is characterized by about half the 
force of the conventional extrusion.

The distributions of the extrusion force for 
the sliding on a die and without it have similar 
shape. After reaching the maximum punch force, 
the force in the no sliding case is about 20-25% 
lower than the one in the simulation where the 
sliding is allowed.

THE MATERIAL MODEL

In SPD problems including the KOBO ex-
trusion process, the classical material processing 
methods are accelerated by the application of the 
additional cyclic load. Very good knowledge of 
the material properties, including the hardening 
characteristic and their variation due to the cyclic 
load, is very important in the analysis of large de-
formation problems. In this research, the Chab-
oche-Lemaitre (C-L) and Voce models describing 

Figure 6. The smooth step ampli-
tude definition with two data points

Figure 7. The effective plastic strain: (a) model with sliding on the die; (b) model without sliding on the die

a) b)
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both non-linear kinematic and isotropic harden-
ings were considered. The kinematic hardening 
rule for the C-L model includes several  compo-
nents and is described as follows (Eq. 14) [29]:
 

1 
 

𝜎𝜎 = 𝜂𝜂 · 𝜀𝜀̇    (1) 
𝐷𝐷𝐷𝐷
𝐷𝐷𝐷𝐷 = 𝜕𝜕𝐷𝐷

𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝛷𝛷)   (2) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝜌𝜌) + 𝜌𝜌∇ ∙ 𝑣𝑣 = 0  (3) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇ · v) = 1

𝜕𝜕 (∇ ∙ 𝝈𝝈) + 𝒃𝒃  (4) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝑒𝑒) = 𝝈𝝈:𝑫𝑫   (5) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣) = 0   (6) 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣 ⊗ 𝑣𝑣) = ∇ ∙ 𝝈𝝈 + 𝜌𝜌𝒃𝒃 (7) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝑒𝑒𝑣𝑣) = 𝝈𝝈:𝑫𝑫   (8) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝜙𝜙 = 𝑆𝑆    (9) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 = 𝑆𝑆     (10) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝛷𝛷 = 0    (11) 

𝑢𝑢 = 𝑢𝑢0 + (𝑢𝑢1 − 𝑢𝑢0)𝜉𝜉3(10 − 15 + 6𝜉𝜉2)  

for 𝑡𝑡 ∈ [𝑡𝑡0, 𝑡𝑡1] where  10 , ttt    (12) 

𝜉𝜉 = 𝐷𝐷−𝐷𝐷0
𝐷𝐷1−𝐷𝐷0

 and 𝑢𝑢0 = 0. 

𝐹𝐹𝑝𝑝 = 𝑘𝑘𝑝𝑝 ∙ 𝑑𝑑𝑝𝑝   (13) 

𝑑𝑑𝒙𝒙𝑖𝑖 = 2
3 𝑐𝑐𝑖𝑖𝑑𝑑𝜺𝜺

𝑝𝑝 − 𝛾𝛾𝑖𝑖𝒙𝒙𝑖𝑖𝑑𝑑𝑑𝑑  (14) 

𝑑𝑑𝒙𝒙 = ∑ 𝑑𝑑𝒙𝒙𝑖𝑖𝑛𝑛
𝑖𝑖=1     (15) 

𝑑𝑑𝑑𝑑(𝑑𝑑) = 𝑏𝑏(𝑄𝑄 − 𝑑𝑑)𝑑𝑑𝑑𝑑   (16) 

𝜀𝜀𝑖𝑖
𝑝𝑝 = 𝜀𝜀𝑖𝑖 −

𝜎𝜎𝑖𝑖
𝐸𝐸 − 𝜀𝜀0

𝑝𝑝   (17) 

‖𝐵𝐵‖ = √∫ (𝜎𝜎𝜕𝜕𝑒𝑒𝑝𝑝–𝜎𝜎𝑎𝑎𝑝𝑝𝑝𝑝𝑎𝑎(𝑐𝑐𝑖𝑖 , 𝛾𝛾𝑖𝑖 ,𝑏𝑏,𝑄𝑄))2𝑑𝑑𝜀𝜀𝑜𝑜
𝜀𝜀   (18) 

 

  (14)

where: dxi – i-th backstress increment,
 dεp – plastic strain increment,
 dp – effective plastic strain increment,
 ci – i-th kinematic hardening parameter 

representing the translation rate of the 
yield surface,

  γi – i-th kinematic parameter determin-
ing the relaxation rate of the yield sur-
face translation as the plastic deformation 
accumulates. 

The superposition of kinematic rules (dxi) for 
the C-L kinematic hardening model is the follow-
ing (Eq. 15):

  

1 
 

𝜎𝜎 = 𝜂𝜂 · 𝜀𝜀̇    (1) 
𝐷𝐷𝐷𝐷
𝐷𝐷𝐷𝐷 = 𝜕𝜕𝐷𝐷

𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝛷𝛷)   (2) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝜌𝜌) + 𝜌𝜌∇ ∙ 𝑣𝑣 = 0  (3) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇ · v) = 1

𝜕𝜕 (∇ ∙ 𝝈𝝈) + 𝒃𝒃  (4) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝑒𝑒) = 𝝈𝝈:𝑫𝑫   (5) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣) = 0   (6) 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣 ⊗ 𝑣𝑣) = ∇ ∙ 𝝈𝝈 + 𝜌𝜌𝒃𝒃 (7) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝑒𝑒𝑣𝑣) = 𝝈𝝈:𝑫𝑫   (8) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝜙𝜙 = 𝑆𝑆    (9) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 = 𝑆𝑆     (10) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ 𝛷𝛷 = 0    (11) 

𝑢𝑢 = 𝑢𝑢0 + (𝑢𝑢1 − 𝑢𝑢0)𝜉𝜉3(10 − 15 + 6𝜉𝜉2)  

for 𝑡𝑡 ∈ [𝑡𝑡0, 𝑡𝑡1] where  10 , ttt    (12) 

𝜉𝜉 = 𝐷𝐷−𝐷𝐷0
𝐷𝐷1−𝐷𝐷0

 and 𝑢𝑢0 = 0. 

𝐹𝐹𝑝𝑝 = 𝑘𝑘𝑝𝑝 ∙ 𝑑𝑑𝑝𝑝   (13) 

𝑑𝑑𝒙𝒙𝑖𝑖 = 2
3 𝑐𝑐𝑖𝑖𝑑𝑑𝜺𝜺

𝑝𝑝 − 𝛾𝛾𝑖𝑖𝒙𝒙𝑖𝑖𝑑𝑑𝑑𝑑  (14) 

𝑑𝑑𝒙𝒙 = ∑ 𝑑𝑑𝒙𝒙𝑖𝑖𝑛𝑛
𝑖𝑖=1     (15) 

𝑑𝑑𝑑𝑑(𝑑𝑑) = 𝑏𝑏(𝑄𝑄 − 𝑑𝑑)𝑑𝑑𝑑𝑑   (16) 

𝜀𝜀𝑖𝑖
𝑝𝑝 = 𝜀𝜀𝑖𝑖 −

𝜎𝜎𝑖𝑖
𝐸𝐸 − 𝜀𝜀0

𝑝𝑝   (17) 

‖𝐵𝐵‖ = √∫ (𝜎𝜎𝜕𝜕𝑒𝑒𝑝𝑝–𝜎𝜎𝑎𝑎𝑝𝑝𝑝𝑝𝑎𝑎(𝑐𝑐𝑖𝑖 , 𝛾𝛾𝑖𝑖 ,𝑏𝑏,𝑄𝑄))2𝑑𝑑𝜀𝜀𝑜𝑜
𝜀𝜀   (18) 

 

  (15)

The C-L model with three backstresses (n=3) 
was used in this paper for simulations of the 
KOBO extrusion process.

The isotropic hardening assuming the devel-
opment of the plastic surface in the stress surface 
was described using the Voce model (Eq. 16) [30]:
 

1 
 

𝜎𝜎 = 𝜂𝜂 · 𝜀𝜀̇    (1) 
𝐷𝐷𝐷𝐷
𝐷𝐷𝐷𝐷 = 𝜕𝜕𝐷𝐷

𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝛷𝛷)   (2) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝜌𝜌) + 𝜌𝜌∇ ∙ 𝑣𝑣 = 0  (3) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇ · v) = 1

𝜕𝜕 (∇ ∙ 𝝈𝝈) + 𝒃𝒃  (4) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + 𝑣𝑣 ∙ (∇𝑒𝑒) = 𝝈𝝈:𝑫𝑫   (5) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣) = 0   (6) 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷 + ∇ ∙ (𝜌𝜌𝑣𝑣 ⊗ 𝑣𝑣) = ∇ ∙ 𝝈𝝈 + 𝜌𝜌𝒃𝒃 (7) 

𝜕𝜕𝜕𝜕
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  (16)
where: dr(p) – evolution of isotropic hardening, 
 Q – saturated value of the isotropic hard-

ening component,
 b – rate in which the saturation is achieved. 

Using the C-L and Voce models, the behav-
ior of the material is described by eleven material 
constants: six constants describing the kinematic 
hardening (ci, γi), two values which describe the 
isotropic hardening  and two elastic constants –
Young modulus  and Poisson’s ratio (ν) and fi-
nally the yield stress (σy). 

The hardening parameters of a material can be 
obtained from symmetrical strain-controlled cy-
clic tension-compression tests. The methodology 
hardening parameters determination from cyclic 

Figure 9. Longitudinal section of a cop-
per wire along with butt extruded by 
KOBO method with a strain zone [5]

Figure 8. The microstructure of a butt – experimental research (results provided by M. Zwolak)

Figure 10. The relationship between the ex-
trusion force and the punch displacement
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loading tests was described in the author’s previous 
works [31–33]. It allows achieving a good agree-
ment between experimental and numerically gener-
ated stress-strain curves for cyclic loading tests. 

The material hardening parameters for copper 
were determined using the experimental data from 
uniaxial cyclic loading test at the strain range ∆ε = 
1.5% carried out by Annand [34]. The Chaboche-
Lemaitre model with three backstresses was cali-
brated using the last stabilized hysteresis cycle pro-
cedure where the saturation of the isotropic harden-
ing component takes place. The data from the half of 
the last cycle was used for the determination of six 
kinematic hardening parameters (Figure 11). 

The plastic strain necessary for the determina-
tion of kinematic hardening parameters by the last 
stabilized cycle procedure was calculated using 
the additive decomposition of generalized strain 
assuming that the each pair of data (σi, εi

p) should 
be specified with the strain shifted to ε0

p (Eq. 17):
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  (17)

where: ε0
p – translation of the yield surface,

 εi
p – plastic strain values on the stress-

strain curve,
 σi – stress values on the stress-strain curve.

The  isotropic hardening component which 
defines the evolution of the plastic surface in the 
stress space, was assessed as a half of the differ-
ence between the yield stress in tension and com-
pression. The parameter b determines the rate of 
the yield stress increase depending on the number 
of cycles up to the saturation. For low values of 
b, the material stabilizes relatively slowly, while 
high values of b stabilize the isotropic hardening 
rapidly. The isotropic hardening for copper stabi-
lizes in a few cycles and therefore, the high value 
of  parameter was assumed (b=17). 

For the selection of the most reliable val-
ues of hardening parameters, the novel pro-
cedure based on the fuzzy logic was applied. 
The main advantage of this method is that the 
fuzzy logic approach considers some uncer-
tainty of the input (hardening parameters) and 
output (error norm of numerical approximation 
of experimental stress-strain curves) data. The 
fuzzy analysis also includes the influence of the 
mapping model on the output variable(s) which 
is not taken into consideration in the classical 
statistic. The fuzzy logic method is particularly 
recommended for the tests which might not be 
carried out many times due to high costs, e.g. 
crash tests. Using the fuzzy set theory, on the 
basis of the expert knowledge, the statics might 
be built on the limited amount of experimental 
data. More information about the fuzzy logic 
theory is available in [35–37].

In this research, the input fuzzy variables are 
material hardening parameters, while the fuzzy 
output variable is the error norm ‖B‖ which is cal-
culated using the following formula (Eq. 18):
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  (18)

where: σexp – experimental stress values, 
 σappr – approximated stress values.

In the defuzzification step, the discrete value 
of the error norm ‖B‖ is found. The hardening pa-
rameters, for which the discrete error norm was 
the smallest, were assumed to be optimal. This 
unique procedure of the determination of hard-
ening parameters using the fuzzy logic was de-
scribed in details in [31–33].

The kinematic and isotropic hardening pa-
rameters for copper, determined using the last 
stabilized cycle procedure and the fuzzy logic ap-
proach are contained in Table 3. The comparison 
of experimental and numerically generated stress-
strain curves is shown in Figure 12a and 12b.

In the numerical simulations of the KOBO 
extrusion process, two phenomena which are very 
sensitive to the hardening parameters, namely 
ratcheting and mean stress relaxation, should be 
considered. During the cyclic loading, most ma-
terials exhibit the mean stress relaxation, as well 
as the strain ratcheting. Both are characterized 
by unclosed hysteresis loops and stabilization 
reached after certain number of loading cycles.

The ratcheting is the directional progressive 
accumulation of plastic deformation in a material 
under the non-symmetrical stress-controlled cyclic 

Figure 11. The last half cycle of the stress-plastic 
strain curve used for the calibration of the kinematic 
hardening parameters (experimental data from [34])
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loading with a non-zero mean stress [38, 39]. This 
phenomenon was extensively examined and de-
scribed in [40-43]. One can see that large Q isotropic 
hardening component causes the gradual decelera-
tion, and even blocking the ratcheting progress [44]. 

The numerical simulation of the ratchet-
ing for copper in 1D case is shown in Figure 
13. The load history applied in a test is shown 
in Figure 14. The stabilization of hysteresis 
curves is the result of an isotropic hardening. 
Further loading cycles can cause very small 
strain increments – material response is almost 
only elastic. In the KOBO extrusion process, 
large isotropic hardening should be avoided 
because it will block the extrusion processing. 
The knowledge about the material hardening 
characteristic is essential for the optimization 
of the KOBO process and in terms of the fre-
quency of the die oscillations. 

On the other hand, the non-symmetrical load 
can help to reduce the mean stress and in this way 
decrease the force applied to the stamp. The mean 
stress relaxation results in the vertical shift of the 

Table 3. Material hardening parameters for cooper used in this research
Parameter Value (the last stabilized cycle procedure Value (the fuzzy logic analysis)

Isotropic hardening
Q [MPa] 148.0 149.4

b [–] 17.0 16.5
Kinematic hardening

c1 [MPa] 28253.0 26954.2

c2 [MPa] 23918.0 27366.9

c3 [MPa] 7305.0 8154.5

γ1 [–] 5712.8 5459.7

γ2 [–] 959.6 778.4

γ3 [–] 346.4 380.8

Figure 12. The last half cycle of the stress-strain curve used for the calibration of the kinematic hardening 
parameters: (a) the last stabilized cycle procedure; (b) the fuzzy logic approach (experimental data from [34])

Figure 13. The ratchetting for copper used 
in this research (numerical simulation)

Figure 14. The load vs. time for the ratcheting

a) b)
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stress-strain curves towards the zero-mean stress 
position for a constant strain amplitude [45, 46]. 
The material response for non-symmetrical strain-
controlled cyclic loading is also very sensitive to 
the material hardening parameters. Depending on 
the material hardening parameters (especially iso-
tropic components), the plastic shakedown might 
occur after certain number of cycles. The theoret-
ical information about the mean stress relaxation 
is contained in [47-49].

The change of strain in time for the mean stress 
relaxation test is shown in Figure 15. Numerical 
simulation of the mean stress relaxation for cop-
per subjected to non-symmetrical load for 1D case 
is presented in Figures 16 and 17. The increase of 
the plastic surface and the stabilization of stress-
strain curves after several loading cycles were ob-
served. The growth of the yield locus is caused by 
the isotropic hardening which dominates over the 
kinematic components. The mean stress decreases 
from approximately 8 MPa to 0.9 MPa (see Figure 
17). The decrease of the mean stress is rapid dur-
ing the early cycles of loading and afterwards, the 
mean stress has a near constant value.

Considering the KOBO extrusion process, the 
decrease of the mean stress during loading cycles 
is essential for its normal course. However, the 
mean stress relaxation test should be analyzed in 

conjunction with the ratcheting phenomena. For op-
timization of the KOBO process, the achievement 
of the decrease of a mean stress while avoiding the 
quasi-shakedown response of the material during 
the ratcheting is essential and constitutes a challenge 
for both experimental and numerical studies. 

SUMMARY AND CONCLUSIONS

Numerical simulation of the KOBO extru-
sion process was presented in this paper. The 
Eulerian-Lagrangian (CEL) method was used in 
computer computations. The problem was solved 
as 3D dynamic explicit integration procedure. 
The main advantages of CEL method are: no 
need of remeshing and stability even for compli-
cated shapes. In the CEL analysis, the deformed 
Lagrangian mesh moves through the Eulerian 
fixed mesh. The volume of material which goes 
through the Eulerian mesh is calculated and then 
the Lagrangian solution variables (e.g. stress, 
mass, energy) are matched to the Eulerian solu-
tion. However, the explicit integration is charac-
terized by very short stable time increments and 
usually millions of load increments are required. 
For this reason, the computations might last for a 
long time even on powerful workstations. 

Many numerical simulations of the KOBO 
extrusion process have been already done within 
this research. The results show the characteris-
tic shape of the plastic zones which were veri-
fied in experimental tests. The obtained results 
show that the highest plastic strain occurs in the 
middle of the butt. 

The distribution of the extrusion force versus 
the punch displacement is similar to the conven-
tional extrusion process. However, the stamp force 
has a significantly lower level. It can be seen that 

Figure 15. The strain vs. time for the 
mean stress relaxation test

Figure 16. The mean stress relaxation for cop-
per used in this research (numerical simulation)

Figure 17. The mean stress vs. 
time (numerical simulation)
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the model which does not include the sliding on 
the matrix is characterized by the lower extrusion 
force in the second stage of the KOBO extrusion 
process. It is caused by better material processing.

Numerical simulations also show that the 
influence of hardening parameters of extruded 
material on the KOBO process is essential for 
its proper course. It was noted that the isotropic 
hardening components can cause unwanted sta-
bilization of the ratcheting phenomena. On the 
other hand, the decrease of a mean stress during 
the relaxation is beneficial for the KOBO extru-
sion process. However, such determination of 
hardening parameters which ensures the decrease 
of the mean stress in conjunction with avoiding 
the quasi-shakedown material response is essen-
tial for the proper course of the process. 

The research contained in this paper shows the 
numerical simulations that enable to optimize the 
process and select the optimal shape of a die as 
well as the amount of die oscillations in order to 
decrease its wearing. So far, only the cold extrusion 
process has been analyzed. The further research 
will focus on the including the thermo-mechanical 
aspects of this process resulting from the friction 
between the processed material and tools, as well 
as resulting from the material plastic deformations.
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